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We demonstrate the relation between the Scherk-Schwarz mechanism and flipped 
gauged brane-bulk supergravities in flve dimensions. We discuss the form of super- 
symmetry violating Scherk-Schwarz terms in pure supergravity and in supergravity 
coupled to matter. Although the Lagrangian mass terms that arise as the result 
of the Scherk-Schwarz redefinition of fields are naturally of the order of the inverse 
radius of the orbifold, the effective 4d physical mass terms are rather set by the 
scale -y/lAl, where A is the 4d cosmlogical constant. 


1. Introduction 

The issue of hierarchical supersymmetry breakdown in supersymmetric 
brane worlds is one of the central issues in the quest for a phenomeno¬ 
logically viable extra-dimensional extension of the Standard Model. Many 
attempts towards formulating scenarios of supersymmetry breakdown that 
use new features offered by extra-dimensional setup have been made 
1,2,3,4,5,6,7,8,9,10,11^ Qj^g pf them is supersymmetry breakdown triggered by 
imposing nontrivial boundary conditions on field configurations along the 
compact transverse dimensions usually referred to as the Scherk-Schwarz 
mechanism. The initial investigation of this mechanism was based on the 
assumption that the 5d Minkowski vacuum is consistent with sources as¬ 
sumed to define the models under investigation, and, in consequence, (su- 
per)gravity wasn’t playing any important role in these scenarios. However, 
it has been shown recently ®d2,i3 ^j^g nontrivial supergravity back¬ 
ground, consistent with sources, should be taken into account and may 
play an important role modifying the physics of the model. In fact, it 
is precisely partial ‘unification’ of the Standard Model with gravity that 
makes the Brane World scenarios so intriguing and appealing. 
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In particular, the dynamical treatment of gravity is necessary when one 
discusses the stabilization of the extra dimension. 

Among other things we have found in that the simple flipped super¬ 
gravity forms the locally supersymmetric extension of the (H—h) bigravity 
model of Kogan et. al. such a setup one circumvents the van 

Dam-Veltman-Zakharov observation about the nondecoupling of the addi¬ 
tional polarization states of the massive graviton. The size of the residual 
four-dimensional cosmological constant can be tuned to arbitralily small 
values by taking the distance between branes suitably large. Although the 
Lagrangian mass terms that arise as the result of the Scherk-Schwarz re¬ 
definition of fields are naturally of the order of the inverse radius of the 
orbifold, the effective 4d physical mass terms are rather set by the scale of 
the 4d cosmlogical constant. 


2. Flipped and detuned supergravity in five dimensions 

The simple N=2 d=5 supergravity multiplet contains metric tensor (rep¬ 
resented by the vielbein e™), two gravitini 4'^ and one vector field Aa 
- the graviphoton. We shall consider gauging of a (1/(1)) subgroup of the 
global SU{2)ji symmetry of the 5d Lagrangian. In general, coupling of bulk 
fields to branes turns out to be related to the gauging, and the bulk-brane 
couplings will preserve only a subgroup of the SU{2)fi, see Covariant 
derivative contains both gravitational and gauge connections: 

, ( 1 ) 

where Vq denotes covariant derivative with respect to gravitational trans¬ 
formations and P = Pi is the gauge prepotential. The pair of gravitini 
satisfies symplectic Majorana condition ’1''^ = = (e"^^4'B)^C' where 

C is the charge conjugation matrix and is antisymmetric SU{2)r met¬ 
ric (we use ei 2 = = 1 convention). If one puts P = 0 and stays on 

the circle, then as the twist matrix one may take any SU (2) matrix acting 
on the symplectic indices a = 1,2. On a circle the 1/(1) prepotential takes 
the form P = gsSaicr°' and the twist matrix is Up = . However, 

in this case the unbroken symmetry is a local one, and the Scherk-Schwarz 
condition is equivalent to putting in a nontrivial Wilson line . 

When one moves over to an orbifold S'^/L, one needs to define in addi¬ 
tion to the gauging the action of the space group T on the fields. Let us 
take T = Z 2 first. Then we have two fixed points at y = 0,7r, and we can 
define the action of Z 2 in terms of two independent boundary conditions (4* 
stands here for a doublet of symplectic-Majorana spinors or for a doublet 
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of scalars, like two complex scalars from the hypermultiplet) 

'^{-y) = Qo'^iy) , ^'(Trrc - y) = (5^^'(7rrc + y) , (2) 

where Qq, Qtt are some arbitrary matrices, independent of the space-time 
coordinates, such that Qo = = 1 • Conditions (2) imply: 

^'(y -b 27rrc) = Q^^Qo^^iy) ■ (3) 

Hence, if the boundary conditions at y = 0 and y = irrc are different, one 
obtains twisted boundary conditions with [//j = Qt^Qo- It is easy to see 
that UpQo^^Ui 3 = Qo.tt, which is the consistency condition considered in 
This is immediately generalized to S^I{Z 2 x Z 2 ) with two fixed points for 
each of the Z 2 S, y = 0, ^irrcTTrc, |7rrc, and independent Qy at each of the 
fixed points. 

If one writes Q^Qo = exp(i/3aCT“), the condition (2) is solved by 

^ = g*/3a<T“/(y)^ ^ (4) 

where 4* is periodic on the circle and /(y) obeys the conditions 

/(y-b 27rrc) =/(y)-b 1 , /(-y) =-/(y) • (5) 

When one expresses the initial fields dt through ip, the kinetic term in 
the Lagrangian generates mass terms for periodic fields 4*: 

. ( 6 ) 

Let us now move on to the specific case of a 5d supergravity with a gauged 
U{1) subgroup of the SU{2) R symmetry. The Z 2 action on the gravitino 
is defined as follows: 

= ±75((5o)b^^. 5(J/) > ^;!.5(^^c-y) = ±75((57r)B^^,5(7rrc-by) ,(7) 

and the parameters of the supersymmetry transformations obey the 
same boundary conditions as the 4d components of gravitini. Symplectic 
Majorana condition = o' 2 {Qo,Tr)*cr 2 = —Qo,Tr) and normalization 

iQo,Tv)‘^ = 1 imply Qo.tt = (yo, 7 r)aO'“, where (yo, 7 r)o are real parameters. We 
would like to gauge a U{1) subgroup of the global SU{2). In the general 
case we can choose the prepotential of the form 

P = 9R^iy)R + gsS, ( 8 ) 

where R = roicr® and S = Saicr^- On an orbifold l{Z 2 x Z 2 ) the expres¬ 
sion e{y)R gets replaced by R{y) which is a pice-wise constant matrix with 
discontinuities (jumps) at the positions of the four branes. The basic rela¬ 
tion between the boundary conditions and the prepotential comes from the 
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requirement, that under supersymmetry variations the transformed grav- 
itino i/'a + should obey the same boundary conditions as ip^. Taking 
into account that the gauge field present in the supersymmetry transforma¬ 
tion of the gravitini is that graviphoton, whose 4d part we choose to take 
Z 2 -odd with respect to each brane (we need only = 1 supersymmetry on 
the branes), and the fifth component is always even, we obtain the relations 
valid for any segment containing a pair of naighbouring fixed points 

[go..,i?] = 0, {Qo..,^} = 0. (9) 

For nonzero R this implies Qy proportional to R, i.e. Qy = a{i R 

with a = ±1. The simplest case of interest corresponds to Qo = —Qn- 
As shown in in this case the closure of supersymmetry transformations 
reqires putting on the branes equal tensions whose maginitude is determined 
by R (we quote only the bosonic gravity part of the action): 

S = — J tf’x\/—g 5 {—R + 6k^) + ® y —g^kT{5{x^) + S(x^ — np)) ( 10 ) 

where k = \J^{g\R^ + g'gS'^) and T = gi\/^/{glR? + g^S'^)- This is 
easily generalized. If on a S^/(J1Z2) one takes boundary conditions given 
by pairs of Q and —Q one after another, then this implies that all branes on 
S^lZ 2 , S^I{Z 2 X Z 2 ), S^/iJdZ 2 ) have the same brane tension. Assuming 
also S' 7 ^ 0 such a system gives a static vacuum with AdS^ foliation and fixed 
radius of the orbifold. In the case of Z 2 the overall twist matrix is given by 
Up = —1 and in the case of Z 2 x Z 2 there is no overall twist: Up = -1-1. This 
may be generalized again. From the analysis of it follows that if in the 
boundary conditions Q is followed by -\-Q (and not —Q) on the next brane, 
then the brane tension on the second brane must be equal in magnitude 
but of opposite sign to that on the first brane. Together with the previous 
findings this leads to quasi-quiver diagrams where branes with brane ten¬ 
sions A and boundary conditions (Q), (—Q), (Q),..., (—Q), (Q), {—Q) follow 
each other respecting 11^2 symmetry. These are locally supersymmetric 
backgrounds corresponding to the models of the type discussed in 

Let us discuss the genaration of the Scherk-Schwarz (nonsupersymmet- 
ric) mass terms in the case where Qq and are parallel. Let us take 
for simplicity Qo = cts- Then = acra, where a = ±1, and the twisted 
boundary conditions take the form: 

'^{y+ 2TTrc) = ad!{y) . ( 11 ) 

For a = 1 we have usual case with periodic field. For a = —1 we obtain 
‘flipped’ supersymmetry of Let us take a nonzero S'-part of ( 8 ). Assume 
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the prepotential of the form 

P ^ (e(?/)cr3 + cTi) . (12) 

For a = —1 we can write: 

Q^Qo = -1 = , (13) 

where /? = tt + 2k7r and k G Z. One obtains the following solution 

^ ^ (14) 

and supersymmetry violating mass terms, with the choice f = y/ (27rrc) are 

-e5^^;!7''V^(c^iB-e(2/)CTiB)4'f-64^(1/-7rrc)^;^7''VCTiB^?-(15) 

It is straightforward to conclude that the bulk Lagrangian after redefinition 
cannot be put into the form compatible with linearly realized supersym¬ 
metry. To see this, one should note that the only mass terms compatible 
with supersymmetry are given by a prepotential. Supersymmetry requires, 
that the same prepotential determines the bulk scalar potential. In our 
case, we have redefined the gravitini only, hence the bulk potential term 
stays unchanged, independent of j3. At the same time any prepotential that 
should describe the Scherk-Schwarz mass terms shall depend on (3, hence 
the supersymmetric relation between mass terms and the scalar potential 
is necessarily violated. This is what we mean when we call the Scherk- 
Schwarz mass terms explicitly non-supersymmetric. On the other hand it 
is obvious, that the Scherk-Schwarz picture is equivalent indeed to a spon- 
taneosly broken flipped supergravity. The generalization to a quasi-quiver 
setup is obvious. One may notice, that only the bulk terms are proportional 
to the naive KK scale l/cc. The scale of boundary terms is set by the 5d 
Planck scale. 

Let us note already here, that even though the symmetry that we are 
using to implement the Scherk-Schwarz mechanism may be a local one, 
the Scherk-Schwarz masses cannot be removed, as one may naively think, 
by means of a gauge transformation. Such a transformation would have 
to be a ‘large’ one, leading from a periodic to an antiperiodic configura¬ 
tion. However, the definition of the model involves not only couplings in 
the Lagrangian but also the choice of specific boundary conditions. Hence 
such large gauge transformations connect two different (although physi¬ 
cally equivalent) Hilbert spaces, and do not belong to the group of internal 
symmetries of our models. 
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3. Wave functions and mass quantization in flipped 

supergravity 

In this chapter we would like to have a closer look at the localization of 
wave functions and mass quantization in a simple model with twisted su¬ 
persymmetry. The specific twisted model we shall discuss here is the locally 
supersymmetric generalization of the (-I--I-) bigravity model of To pro- 
cede let us go on to the locally supersymmetric model with a flip along 
the fifth dimension. The price for local supersymmetry and the trouble 
one encounters is the nonzero curvature in 4d sections. Let us take the su¬ 
pergravity action with the prepotential of the form: P = giie{y)i(T^R -\- 
gs'\<JiS, and the brane action required by supersymmetry: Sbrane = 
6/ d?x^/—eikT{5{y) + 5{y — irrc))- These sources do not admit the flat 
4d Minkowski foliation, and the consistent solution is that of AdS^ branes: 
ds^ = a?{y)gfivdx^dx^ Pdy"^, where a(y) = V—A/A: cosh(A;|y| — and 

g^udx^dx'" = exp(—2V— Ax3)(—-I- dxf + dx^) -I- dx| is the four dimen¬ 
sional AdS metric. 

The radius of the fifth dimension is determined by brane tensions: 
kiTTc = In(Y^), and the normalization a(0) = 1 leads to the fine tuning 
relation A = (T^ — 1 )A:^ < 0. We are interested in small fluctuations around 
vacuum metric: g^u{.xP,y) = a^{y)g^iy + (t)h{.y)h^y{xP), where hf,^{xP) is a 
4d wave function in Ad 5'4 background ((D^dS + 2A)/i^^ = ^’^). It is 

easy to check, that the massless mode (jih = Aq cosh^(A:|y| — A; 7 rrc/ 2 ) satisfies 
the equation of motion in the bulk and the boundary conditions. Matching 
delta functions at fixed points leads to the mass quantization conditions 
which need to be solved numerically in a generic case. The equations of 
motion for gravitini are more troublesome, since the prepotential mixes 
and ( 4 '/i )2 fields. As shown in one can eliminate this mixing and 
define modes that satisfy the four-dimensional Rarita-Schwinger equations 
in AsS' 4 , and are numbered by the AdSi mass m. The boundary conditions 
are imposed by the action of the Z 2 in the fermionic sector: one needs to 
demand that the fields ('I'/i )2 and vanish at the points y = 0 and 

y = Trxc respectively. This condition removes the mode m = 0 from the 
spectrum. Again, finding the spectrum of the gravitini in a generic case 
requires numerical analysis. The general feature is that the mass spectrum 
is visibly shifted with respect to the mass spectrum of the graviton. 

It turns out that one can compute analytically the graviton and gravitini 
mass spectra in the limiting cases of a large extra dimension (kvc ^ I) and 
in the case of a small extra dimension [kvc <C 1). In the regime kvc 'A> 1 
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we obtain the ultra-light graviton mode 

mught ~ 12cosh"^(fc7rrc/2) , (16) 

and heavy modes 

~ A:^(—2 + n + n^) cosh“^(fc7rrc/2) = (—2 + n + n^)|A| , (17) 


for n > 1. For gravitini we obtain: 

rnj Rs fc^(n -I- 1)^ cosh“^(fc7rrc/2) = (n -f 1)^|A| . (18) 


In the limit kvc «C 1 the equations give 




VV 




2 71 

^h = — 

ri 


2 ^ ^ \ !^ 


(19) 


The approximate spectra for the gravitini masses that we have just obtained 
can be compared to the spectra of the massive spin-2 states belonging to 
the A(iS '4 supermultiplets discussed earlier given the AdS^ mass formula 
= C 2 iEo, s) — C 2 is+l, s) = ifo(7fo —3) —(s-|-l)(s—2) for representations 
D{Eq,s). In the limit of dimensional reduction this implies the spin-2 
and spin-3/2 spectra „ = {Eq -I- 1/2 -|- n)(i?o — 5/2 -|- n) and ^ = 
{Eq ri)(yEQ -\- n — 3) -|- 5/4, 771 ^ 3 ^ 2 ,« “ {Eq -I- tj -I- l)(ii/o n — 2) -|- 5/4, for 
some Eq and n = 0,1,2,... (in units of V—A). The above mass formula 
fits the limiting [kvc 'A> 1) spectra of graviton (except the first massive 
mode) and gravitino masses (17) and (18) if Eq = 3/2, but this value does 
not correspond to a unitary supermultiplet, since the necessary condition 
i?o > s + 1 is not fulfilled for s = 3/2 and Eq = 3/2. The natural 
value for dimensional reduction 5(i ^ Ad would be i?o = 3. This gives 
77^2.n = -|-4n-|-7/4, 7713^2 « = (n4-3/2)^ — 1 and to' 3 / 2 ,„ = (n4-5/2)^ — 5, 

again in clear mismatch with (17) and (18). It is also clear that the graviton 
mass spectrum for a finite kvc differs from the supersymmetric one. In the 
case where the Tc is much smaller than the curvature radius, the spectrum 
of gravitons and gravitini approaches the usual, flat space, KK form with 
gravitini masses shifted with respect to these of the gravitons. Also in this 
limit the spectrum is clearly nonsupersymmetric, and the shift is due solely 
to the twisted boundary conditions. 

One can see that even in the limit Tc 'A> A/k supersymmetry is not re¬ 
stored, and the branes do not decouple like in the supersymmetric Randall- 
Sundrum case. The nondecoupling may also be seen from the shape of the 
wave functions of the massive modes, see 

To summarize the discussion of the supersymmetry breakdown in the 
case of the flipped supergravity let us inspect the equation for the Killing 
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(t + ^-^9i<y)\R\) 4 + = 0 

(t - 2#5ie(j/)|i?l) + 2#7552|^|(^')^e? = 0 , (20) 

where = l/2{5g ± These equations result in the condition 

and together with Einstein equations this implies that for non-vanishing S 
there are no nontrivial solutions of the Killing equation. 

4. Summary and conclusions 

We have shown that flipped and gauged five-dimensional supergravity is 
closely related to the Scherk-Schwarz mechanism of symmetry breakdown. 
In this case the Scherk-Schwarz redefinition of fields connects two phases 
of the model. One phase is such that supersymmetry is broken sponta¬ 
neously, in the sense that there do not exist vacua preserving some of the 
supercharges. In fact, one cannot undo this breakdown in a continous way, 
since the choice of the projectors on both branes is a discrete one - one 
cannot deform continously Q into —Q within the model. In particular, in 
the limit Tc —> 0 all gravitini (and all supercharges) get projected away. 
In the second, Scherk-Schwarz phase, linear supersymmetry is not realized 
explicitly in the Lagrangian, hence one finds susy breaking masses and po¬ 
tential terms in the bulk and/or on the branes. However, the physics of the 
two phases has to be the same, as they are related by a mere redefinition 
of variables. 

We have found that the simple flipped 5d supergravity is a supersym- 
metrization of the (-1—h) bigravity with two positive tension branes. In the 
limit of the large interbrane separation there exists a ultra-light massive 
graviton mode in addition to the exactly massless mode (but there is no a 
nearly degenerate superpartner). 

As an example the Scherk-Schwarz terms for gauged supergravity cou¬ 
pled to bulk matter have been worked out. One can see that performing 
the Scherk-Schwarz redefinition of scalar fields, which my be identified for 
instance with the higgs-like fields in the observable sector, one can cre¬ 
ate a complicated scalar potential. However, it will always contain the 
same physics as the locally supersymmetric lagrangian in the spontaneously 
broken phase, which is usually much simpler to analyse. The same com¬ 
ment concerns the fermionic sector. The Scherk-Schwarz masses for matter 
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fermions superficially look like terms breaking supersymmetry in a hard 
way (like quartic terms in the potential), but the equivalence to the spon¬ 
taneously broken phase guarantees cancellation of dangerous divergencies. 
The fact that the Scherk-Schwarz masses for chiral fermions do not belong 
to a linearly realized 5d supersymmetry may be seen from the observation, 
that supersymmetric masses are defined by the geometry of the quater- 
nionic manifold and by the Killing vectors fc*, none of which had changed 
under the Scherk-Schwarz redefinition. To summarize, the redefinitions 
have broken linear supersymmetry both in hipermultiplet and in gravity 
sectors. 

In the class of models discussed here it is the AdS^ background that 
appears naturally as a static solution of the equations of motion. However, 
firstly, there exist nearby time-dependent solutions leading to Robertson- 
Walker type cosmology on branes, and secondly, in more realistic models 
the gravitational background we have described shall be further perturbed 
by nontrivial gauge and matter sectors living on the branes. 
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